The minimum rank of universal adjacency matrices 



B. Ahmadi^-'^ F. Alinaghipour^''^ Shaun M. Fallat^^'^ Yi-Zheng Fan'' 
K. Meagher'''^ S. Nasserasr'^'S 

Department of Mathematics and Statistics, University of Regina, Regina S4S0A2, Canada 

^ School of Mathematical Sciences, Anhui University, Hefei 230039, P.R. China, 
Email: f any z&ahu. edu. cn 

Email: ahmadi2b&uregina.ca, alinaghf@uregina.ca, ° sfallat@math.uregina.ca, 
' karen.meagher@uregina.ca, ^ shahla.nasserasr&uregina.ca 



Abstract 

In this paper we introduce a new parameter for a graph called the minimum 
universal rank. This parameter is similar to the minimum rank of a graph. 
For a graph G the minimum universal rank of G is the minimum rank over all 
matrices of the form 

C/(a, /3, 7, (5) = + /?/ + 7 J + SD 

where A is the adjacency matrix of G, J is the all ones matrix and D is the matrix 
with the degrees of the vertices in the main diagonal, and a ^ 0, /3, 7, J are 
scalars. Bounds for general graphs based on known graph parameters are given, 
as is a formula for the minimum universal rank for regular graphs based on the 
multiplicity of the eigenvalues of A. The exact value of the minimum universal 
rank of some families of graphs are determined, including complete graphs, 
complete bipartite graph, paths and cycles. Bounds on the minimum universal 
rank of a graph obtained by deleting a single vertex are established. It is shown 
that the minimum universal rank is not monotone on induced subgraphs, but 
bounds based on certain induced subgraphs, including bounds on the union 
of two graphs, are given. Finally we characterize all graphs with minimum 
universal rank equal to and to 1. 

Keywords: adjacency matrix, universal adjacency matrix, Laplacian matrix, 
minimum rank, graph, path, cycle. 
2000 MSG: 05C50, 15A03, 15A18, 15A27 



1. Introduction 

The minimum rank problem for a given graph is a well-studied problem in 
the spectral theory of graphs. The minimum rank of a graph G is the smallest 
rank among all real-valued, symmetric matrices that have the property: for 
i ^ j the {i,j)-th entry is nonzero if and only if {i,j} is an edge in the graph 
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G. Such a quantity is denoted by nir(G'). This number has been at the root 
of a number of studies over the past dozen years, and a cornplete resolution of 
determining mr(G') for all G seems essentially unattainable 

Haemers and Omidi in Q defined a new family of matrices that is as- 
sociated to a graph, these matrices are called the universal adjacency ma- 
trices of the graph. Consider a simple undirected graph G = (V, E) with 
V — {vi, U2, . . . , Vn}- Let Ac = [aij] be the (0, l)-adjacency matrix of G, that 
is aij equals one if {i,j} € E and zero otherwise. Let Dq — diag[(ii, d2, ■ . ■ , d„] 
with di — deg(t;i) be the degree matrix associated with G, and denote by / and 
J the n X n identity matrix and n x n matrix of all ones. An n x n matrix of 
the form 

Ug = Uaia, 13, 7, S) = aAa + pi + jJ + SDg, 

where a, (5,^,3 are scalars with a ^ is called a universal adjacency matrix of 
G. We drop the subscript G when it is clear from the context. The entries of a 
universal adjacency matrix U = [uij] are then of the following form; 

{/3 + 7 + a i = j 

a + 7 ii{i,j}eE 
7 if{i,j}iE. 

Throughout this paper, graphs are considered to be simple and undirected. 
Thus a universal adjacency matrix is always a symmetric matrix. 

The family of universal adjacency matrices is a generalization of several 
families of matrices associated to the graph. The following table shows that for 
specific values of the coefficients, the universal adjacency matrix is a well-known 
matrix associated with a graph: 



(a,/3,7,^) 


resulting matrix 


(1,0,0,0) 


adjacency matrix 


(-1,0,0,1) 


Laplacian matrix 


(1,0,0,1) 


signless Laplacian matrix 


(-2,-1,1,0) 


Seidel matrix 


(a,/3,7,0) 


generalized adjacency matrix 


(-1,-1,1,0) 


adjacency matrix of the complement 



Figure 1: Specific cases of the universal adjacency matrix of a graph 

Haemers and Omidi in 6] studied the number of distinct eigenvalues of a 
universal adjacency matrix associated to G and determined exactly which graphs 
have two distinct eigenvalues. In this paper we are concerned with the rank of 
universal adjacency matrices. 

For a given graph G, the minimum universal rank of G, denoted by mur(G), 
is given by 

mur(G) = min{rank(J7) | C/ is a universal adjacency matrix of G}. 
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It is clear that the minimum rank of any of the matrices in Figure [T] is an upper 
bound on the minimum universal rank of a graph. 

If Ug = OiAa + /3/ + 7 J + 5Dq is a universal matrix for a graph G, then, 
since a ^ 0, 

Ag + -I+^J+-Dg 

a a a 

is also a universal adjacency matrix for G with the same rank. Thus, in studying 
the minimum universal rank of a graph G, we may assume without loss of 
generality that a — \ for a universal adjacency matrix of G. 

When considering a universal adjacency matrix, the off-diagonal entries also 
come in two types: if an entry corresponds to an edge it is a fixed number, 
otherwise it is required to be a different fixed value. This is in contrast to 
the off-diagonal entries of the matrices associated with the minimum rank of 
G, in this case the entries that correspond to non-adjacent vertices must all 
be zero, while the entries corresponding to adjacent vertices are non-zero but 
otherwise independent (excluding their symmetric mate). Further, the main 
diagonal of a universal adjacency matrix is not completely free as it is in the 
matrices associated to minimum rank, but rather it depends on the degree of a 
vertex, and the parameters /3, 7 and 5. Consequently, the parameters mr(G) and 
mur(G) are not comparable in general (see examples throughout this work) and 
appear to not share any sort of strong relationship. For instance, a graph G in 
the assumption of Theorem 17.21 satisfies mr(G) < mur(G), while using Theorem 
12. 2[ we have mur(ii'„) < mr(if„). However, note that for a given graph G, the 
universal matrix J7g(1, /?, 5, 0) represents a zero-nonzero pattern for G. So if 
mur(G) = rank(J7G(l, /3, 5, 7)), then 

mr(G) < rank(C/G(l,/3,5,0)) = rank ([/g(1, ^, 7) - 7^) < niur(G) + 1. 

In our notation, J^^s denotes the r x s matrix of all entries equal to one and 
Or,s denotes the r x s zero matrix. We use e to denote the all ones vector and 
add a subscript if it is necessary to specify the size of the vector. 

2. Basic Results 

In this section we give some basic results about minimum universal rank for 
general graphs. The first result shows that the minimum universal rank has an 
unusual property that neither the minimum rank nor the minimum rank of the 
generalized adjacency matrix has, namely that the minimum universal rank of 
a graph is equal to the minimum universal rank of its complement. We use G 
to denote the complement of the graph G. 

Lemma 2.1. For any graph G, mur(G) = mur(G). 

Proof. For any universal adjacency matrix 

Ug = uAg + l3I + -fJ + SDg, 
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using the facts that A^j = —Aq — I — J and Dq = {n — 1)1 — Dq, it follows 
that 

Ug = {~a){~AG-I-J) + il3~'a+{n-l)S)I + {j + a)J + {-S){{n-l)I-DG) 
= a'iA^)+l3'l + j'j + S'D-^ 

is a universal adjacency matrix for G. This implies that for any set of scalars 
a,/3,7,(5 there is a set of scalars a',f3',y,S' such that the universal matrices 
Ug = aAG + pi + jJ + SDg and % = a'A-^ + 13' I + 7' J + 5'D-q are equal. 
Therefore, G and G have the same minimum rank. □ 

The proof of above lemma also shows that the set of universal adjacency 
matrices for a graph is equal to the set of universal adjacency matrices for its 
complement. 

If a graph is disconnected, then its complement is connected, thus in dis- 
cussing the minimum universal rank of a graph, we may assume that the graph 
is connected, although it may not always be convenient to do so. 

The next result shows that it is possible for the minimum universal rank of 
a graph to be zero, but this can only happen in a specific case. 

Theorem 2.2. For any graph G, mur(G) = if and only if G or G is a complete 
graph. 

Proof. Let a ~ 1, (3 ^ 1,5 ~ and 7 = —1, then the resulting universal 
adjacency matrix for Kn is the zero matrix. For the converse, it suffices to 
note that if G has edges and non-edges at the same time, then any universal 
adjacency matrix of G will have a non-zero entry; therefore, if mur(G) = 0, then 
G is either complete graph or empty graph. □ 

For a graph G on rt vertices, the matrix Lg = Dg — Ag is the Laplacian 
matrix of G. The Laplacian matrix of a graph is a universal adjacency matrix 
of the graph, so the rank of the Laplacian is an upper bound on the minimum 
universal rank of the graph. Much is known about the eigenvalues of a Laplacian 
matrix that can be used to bound the minimum universal adjacency matrix of 
a graph; see ^] for more details. 

For example, it is known that Lg is positive semi-definite. Moreover, the sum 
of the entries in each row of Lg is zero which implies that zero is an eigenvalue for 
Lg and e, is a corresponding eigenvector. Furthermore, the multiplicity of zero 
as an eigenvalue of the Laplacian matrix is exactly the number of components of 
the graph. That is, if c(G) denotes the number of components of G, and myi(A) 
denotes the multiplicity of A as an eigenvalue of A, then we have rriLa (0) = c(G). 

Theorem 2.3. For any graph G on n vertices 

mur(G) < n — c{G). □ 

Note that, the upper bound above cannot be improved since equality holds 
for the empty graph. One interesting fact about Theorem 12.31 is that it relates 
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the minimum universal rank of a graph to a well-known graph parameter, but 
sometimes it is possible to use the eigenvalues of the Laplacian matrix to get a 
better bound on the minimum universal rank of a graph. 

Theorem 2.4. Let G be a connected graph on n vertices, and let m be the 
maximum multiplicity of the nonzero eigenvalues oi Lq. Then 

mur(G) < n — m — 1. 

Proof. Let the eigenvalues of Lq be Ai = < A2 < ... < A„. The all ones 
vector is an eigenvector for and the eigenvectors for the nonzero eigenvalues 
are orthogonal to the all ones vector. Suppose Xk is a nonzero eigenvalue of 
Lq with multiplicity m, then Xk is an eigenvalue of Lq ~^ with multiplicity 
m + 1 (to see this, consider the m linearly independent eigenvectors for Lq 
corresponding to Xk and the all ones vector). So, the matrix Lq + ~ ^kl 
is a universal adjacency matrix for G that has rank n — m — 1, and hence 
mur(G) < n — m — 1. □ 

Note that, if G is connected, then the multiplicity of the eigenvalue zero of 
the Laplacian matrix is one (the number of components). So if zero has the 
maximum multiplicity, then all eigenvalues are simple, which implies m = 1 in 
above proof. We also note that Theorem 12.41 is valid even if G is disconnected, 
since then its complement G is connected and has the same minimum universal 
rank as G. So if G is disconnected we apply the above proof for G. 

The following is an immediate consequence of Theorem 12.41 

Corollary 2.5. For any graph G on n vertices 

mur(G) <n-2. □ 

It is known that the minimum rank of a graph on n vertices is at most 
n — 1, and mr(G) = ?i — 1 if and only if G is a path on n vertices; see In 
the next section, it is shown that the upper bound in Corollarv l2.5l is achieved 
by paths. It is interesting to note that the graphs that achieve the maximum 
possible minimum rank also achieve the maximum possible minimum universal 
rank. But unlike minimum rank, where the paths are the only graphs that have 
the maximum possible minimum rank, there are many graphs that achieve the 
maximum possible minimum universal rank; see Example 13.51 for instance. 

3. Paths 

A path on n vertices, denoted by P„, is a graph with vertices vi, ?;2j • • ■ 7 
and edge set {{wi, W2}; {^2, "^3}, • • ■ , {w„_i, w„}}. The next result shows that if 
a graph contains an induced path on n vertices, then the minimum universal 
rank of the graph is at least n — 2. 

Let be an TO X n matrix. For a C {1, 2, . . . , to} and /3 C {1, 2, . . . , n}, 
the notation 74[q;, /3] means the submatrix of A lying in rows indexed by a and 
columns indexed by /3. 
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Lemma 3.1. If a graph G contains the induced path Pk {k > 3), then 

mur(G) >k-2. 

Proof. Suppose V1V2 ■ ■ - Vh is the induced path P^. Order the vertices of G such 
that the first k vertices are vi,V2, ■ ■ ■ ,Vk- Then any universal adjacency matrix 
Ug = Ag + /?/ + 7 J + 5Dg of the graph G is of the form: 





1+7 


7 


7 




1+7 


/3+7+M„2 


7 


7 




7 


1+7 


7 


7 




7 


7 


••■ li+')+5dy^_^ 


1+7 




7 


7 


1+7 


/3+7+5< 






C 



Subtracting the fcth column from each of the columns 2, . . . , fc — 1 results in the 
following matrix 



U' = 



/3+ 7+ 5dy^ 
1+7 
7 

7 
7 
7 



1 

* 1 

* * 



7 
7 
7 

7 
1+7 



* /3+ 7+ W 



B 



C 



Since the submatrix J7'[{1, . . . , fc — 2}, {2, . . . , — 1}] of f/ has rank k — 2, 
we have rank(?7G) > rank(f/') > fc — 2, which implies mur(G) > k — 2. □ 

The diameter of a graph G, denoted by diam(G'), is the maximum distance 
between vertices of the graph. Since a path corresponding to the diameter is an 
induced path, we have the following consequence. 



Corollary 3.2. For any graph G, 

mur(G') > diam(G) — 1. 

The union of graphs Gi = {Vi,Ei), G2 = {V2, E2), . ■ . ,G„ 
the graph 



□ 



{Vm,Em) is 



i=l 



Ki=l 



i=l 



If Gl = G2 



Gm, then instead of U^iGj, we use the notation mG. 
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Lemma 3.3. If a graph G on n vertices contains the induced subgraph Pk^ U 
Pfe2 U • ■ • U with t>2, and k, > 2,i ^ 1, . . . ,t, then 

mur(G) > -(< + !)• 

Proof. Order the paths as given and in each path order the vertices so that a 
pendant vertex comes first and every other vertex comes right after its previous 
neighbour. Then any universal adjacency matrix of G is of the following form 



U = 





iJkiM 




iJkiM 










lJk2,kt 


U2(t+1) 












iJktM 


iJktM 




Utt 


Ut(t+i) 




^2(t+l) 




^t(t+i) 


U(t+i){t+i) _ 



For each block Ua^ i ~ I, . . . ,t, the super diagonal entries are 7 + 1 and every 

t 

other non-diagonal entry equals 7. Now subtracting the column ki from each 

i=l 

t 

of the columns 1,2, ... , ki — 1, we produce a lower triangular subniatrix of 

1=1 

size ki — 1 in the (i, i) block for i = 1, . . . , fcf — 1 and a lower triangular submatrix 
of size kt — 2 in the (t, t) block, with all ones on the main diagonal entries of 
each of the triangular matrices. Moreover, the entries of the blocks above these 

triangular matrices in the resulting matrix are all zero except possibly the last 

t 

column. So rank(C/G) > ^ fei - (i + 1). □ 

1=1 



Lemma 3.4. If G contains the induced subgraph Pk^ U Pfcj U • • • U Pkt U mPi 
with t > 2,m > 1, and ki > 2,i = 1, . . . ,t, then 

mur(G) > k}j - t. 

Proof. The proof is similar to the proof of Lemma 13. 31 Using the same ordering 
for vertices, and subtracting the column corresponding to the column of one of 
the vertices in mPi, results in a lower triangular of rank kt ^ 1 matrix for the 
block corresponding to Pk^ as well, which implies the inequality. □ 

In some cases in Lemmas 13.31 and 13.41 the equality holds when the induced 
subgraph Pk^ U Pk2 U • • ■ U Pk^ U mPi , (m > 0), is exactly the graph G. Some of 
these cases are listed below. 
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Example 3.5. For n > 3 

(a) mur(P„) = n — 2; 

(b) mur(P„_i U Pi) = n - 2; 

(c) mur(P„ U P„) = 2n - 3. 

Proof. Equation (jg) can be obtained from Lemma [XT] and Corollarv l2.5l More- 
over, the universal adjacency matrix —A — XI + ^ J + D meets this bound, 
where A is an arbitrary nonzero eigenvalue of Lp^. For instance, choosing 
A = 2 (l — cos(^)), we get the following universal adjacency matrix of rank 
n~2 

Up^ = Ap„ + 2 f 1 - cos{-)] I--(l- cos{-)) J-Dp^. 
\ n / n \ n / 

Equation (|b| is obtained from Lemma [3731 and Corollary [231 The Laplacian 
matrix Lp^_-^\jPi is an example of a universal adjacency matrix for the graph 
that has the minimum rank. 

Finally, Equation (jcj) is obtained from Theorem 12.41 and Lemma 13.31 The 
universal adjacency matrix —A — \I + + D meets this bound, where A is an 
arbitrary nonzero eigenvalue oi Lp^. □ 



4. Regular Graphs 

A graph G is called regular of degree r if each vertex of G is adjacent to 
exactly r vertices. If G is a regular graph of degree r, then it is evident that 
Ace = re, AqJ = JAq. Moreover, Dq — rl, so any universal adjacency matrix 
associated with a regular graph may be reduced to the form Ug = Aq + (31 -\-^ J, 
which is the generalized adjacency matrix of G. Now we are able to derive the 
following result regarding the minimum universal rank of any regular graph. 

Theorem 4.1. Suppose G is a connected r-regular graph of degree r on n ver- 
tices. Let the spectrum of the adjacency matrix, Aq, be given by r, A2, A3, . . . , A„ 
(these values may not be distinct), and assume that m is the maximum multi- 
plicity among the list {A2, A3, . . . , A„}. Then 

mur(G) — n — (m + 1). 

Proof. Since G is a regular graph of degree r, we know that Ace = re. Thus 
for any other eigenvalue Xi if Xi is a corresponding eigenvector, then Xi is or- 
thogonal to e and hence Jxi = 0. Furthermore, since Aq and J commute 
and are symmetric, it follows that the eigenvalues of Aq -\- 7J are given by 
r + 7n, A2, A3, . . . , A„. (Here we also used the facts that J is rank one and 
Je = ne.) Thus the maximum number of zero eigenvalues admitted by any 
universal matrix Ug — Aq + (31 + 7 J is equal to m + 1 by suitable choices of /? 
and 7. From which it follows that mur(G) = n — (to + 1), which completes the 
proof. □ 
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The adjacency eigenvalues of Kn are {n — 1, — 1, — 1, . . . , — 1}, where — 1 
occurs with multiplicity n — 1, in this case m = n — 1, and mur(i^„) = 0. This 
gives an alternative proof of one of the directions in Theorem 12.21 

Since the adjacency eigenvalues of a cycle on n vertices are known, we have 
the following as an immediate consequence. 

Corollary 4.2. For any n > 3, k > 1, 

mur(fcC„) = kn ~ 2k — I. 

Proof. The adjacency eigenvalues of C„ are well known to be twice the real 
parts of the n-th roots of unity; see |3]. Thus, the maximum multiplicity among 
the eigenvalues different from the degree is m = 2. Moreover, kCn has the same 
eigenvalues as C„ and each eigenvalue has multiplicity k times its multiplicity 
as an eigenvalue for C„. Applying Theorem 14. 1[ we have that mur(A;C„) = 
kn-{2k + l). □ 

In particular, this means that mur(Cn) = n — 3. 

There are many large families of graphs for which all eigenvalues of their 
adjacency matrices are known and for these it is easy to determine the minimum 
universal rank. For example, the adjacency matrix of any strongly regular graph 
has exactly three distinct eigenvalues and the multiplicities of those that are not 
equal to the degree can be expressed in terms of the parameters for the graph; 
see 0; thus the minimum universal rank can also be expressed in terms of the 
parameters of the strongly regular graph. 



5. Unions of Graphs 



We have seen several examples of the minimum universal rank for a graph 
that is the union of smaller graphs. This motivates us to consider bounds on 
the minimum universal rank of the union of two graphs; we start with what is 
a natural lower bound. Indeed we are considering unions of graphs as opposed 
to joins (see definition on page lll|) . as we feel this approach eases exposition. 

Lemma 5.1. Let G and H be two graphs, then 

mur(G) + niur(iJ) < mur(G U H). 

Proof. Suppose G has n vertices and H has m vertices, and suppose that 
mur(G U H) is attained by the following universal adjacency matrix: 



(1) 



Ug 






Uh 



C/Guif(l,/3,<5,7) 
If 7 = 0, then 

mur(G U H) ^ rank(t/G) + rank(;7H) > mur(G) + mm{H). 
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Thus we may assume 7 7^ 0. We consider two cases, first if the all ones vector is 
in the column space of either Uq or Uh and second when it is not. The column 
space of a matrix A is denoted by co\{A). 

case 1: e„ £ coI{Ug) or e„i S co\{Uh)- 
We only consider the case e„ G co\{Ug), as the other case is similar. Note 
that 7e„ must be a linear combination of the columns oi Ug- Subtracting this 
combination from each column of 7J„,m, we arrive at the following matrix, 
where - is the sum of the coefficients of the above linear combination. 



Ug 




'~i Jm.n 


Uh — (Jm 



As Ug is symmetric, subtracting the corresponding linear combination of the 
rows of Ug from each row of 'yJm.n we arrive at the matrix: 



Ug 






Uh — (Jm 



So 

mur(G' UH) = rank(J7G) + rank(C//f - (Jm) > mur(G) + mur(i7). 

Furthermore, if C 7^ and e„j ^ coI{Uh), then ia.nk{UH — C^m) = rank(?7H) + 1, 
and hence 

mur(G' LIH)> mur(G') + mur(i/) + 1. 

case 2: e„ ^ co1(C/g) and e,n ^ coI{Uh)- 
Applying elementary row operations to the matrix in ([1]) on the rows corre- 
sponding to Ug, and if necessary, permuting some columns of Ug (still pre- 
serving the zero-nonzero pattern of other blocks), we have the following matrix 
for some non-singular diagonal matrix A„' of order n' , some matrix B of order 
n' X [n — n'), and some real numbers oi, 02, . . . , a„. 









An' 


B 


T 








On— n' ,n' 


On— n',n— n' 


T 

On 6m 






Uh 



We find that n' < n as Ug is singular (otherwise e„ e co1([/g))7 and at least one 
of a„'+i, . . . , a„, say a„, is nonzero, as e„ ^ co1(C/g). Applying row operations 
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again, we get the following matrix: 





B 


On' ,m 


On— n' — l,n' 


On— n' — l,n— n' 


^n—n' — l.m 




Ol,7i-n' 


T 

f 




Jm.n~7i' 


Uh 



(2) 



Similarly, by applying some elementary row operations to the matrix in ^ 
on the rows corresponding to Uh, and if necessary, permuting some columns 
of Uh (still preserving the zero- nonzero pattern of other blocks), we have the 
following matrix for some non-singular diagonal matrix A,„' of order m' < m, 
and some matrix C of size m' x (m — m'). 







On' ,7n' 


On' ,m— rn' 


On— — l,n' 


On— — l,n— n/ 


On — n' — l.rn' 


n — 71 ' — 1 , rn — ni ' 


Ol,n' 


Ol, n—n' 


T 


T 

m—m' 


Om' ,n' 


07n',n— n' 


A,„' 


c 


Om— m' — l,n' 


Om— m' — l,n— n' 


O/n— m' — l,m' 


Om— m' — l,m— m' 


T 


T 

^n—n' 


Ol,m' 


Ol, m—m' 



(3) 



By deleting the zero rows from the matrix in we have 



A„' 




On',m' 


On' ,m — m' 




0l,7i— n' 


T 
P , 


T 

P , 

m—nv 


Om',n' 


Om' ,n— n' 




c 


T 


T 

n— n' 


Ol,m' 


Ol,m— m' 



So 



mur(G' U i/) = rank 



A„' 



rank 



C 



= (rankA„/ + 1) + (rankA,, 
> mur(G') + mur(iJ) + 2. 



1) 



□ 



Note that, from the proof we can conclude that if je co\{Ug) and 76 ^ 
coI{Uh), then we actually have a stronger bound on mur(G U H). 

The join of graphs Gi = (Vi, G2 = (V2, £'2), • ■ ■ , G™ = (Ki, is a 
graph on the vertices U™]^T^ that includes the edges U™]^i?i but also has all 
edges {vi,Vj} where Vi d Vi and Vj G Vj with i ^ j. The join is denoted by 
Gi V G2 V • • • V Grn- The join and the union are complementary operations in 
the sense that for any pair of graphs Gi and G2, 



Gi UG2 = Gi VG2. 
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This fact, together with Lemma \TJ\ yields the fohowing 



mur(Gi U G2) = mm(Gi U G2) = mur(Gi V G2). 

This means that results about the union of graphs can be translated to results 
about joins of graphs, for example the next result is Lemma |5. II stated for the 
join of two graphs 

Lemma 5.2. For graphs G and H 

mur(G V H) > mur(G) + mur(iJ). 

Proof. With the comments above, we simply note that 

mur(G V H) = mur(G UII)> mur(G) + (H) = mur(G) + mur(i7). □ 

Upper bounds on the minimum universal rank of the union of two graphs 
seem to be more difficult question. We have seen examples where it is possible 
to express the minimum universal rank of the union of graphs in terms of the 
minimum universal ranks of the graphs in the union. For example, (jb]) and (|cj) 
of Example 13.51 state that 

mur(P„_i U Pi) = mur(P„_i) + mur(Pi) + 1 

and 

mur(P„ U Pn) = 2 mur(P„) + 1. 

From Corollarv 14.21 

mur(G„ U G„) = 2 mur(G„) + 1, 

and more generally that mur(fcG„) — fcmur(G„) + k — 1. 

This might lead one to conjecture that the minimum universal rank of the 
union of the two graphs is bounded above by the sum of the minimum universal 
ranks of the graphs in the union plus one, but the difference between mur(GUiJ) 
and mur(G) + niur(iJ) can be arbitrarily large. For example, take G = fcGa and 
H = kC4, so mur(fcG3) = fc - 1 and mur(fcG4) = 2fc - 1. But Theorem O 
implies that mur(fcG3 U kC4) = 5fc — 1 so 

mur(fcG3 U kd) ~ (mur(fcG3) + niur(fcG4)) = 2fc + 1. 

Even though the upper bound mur(G) + mur(_ff ) + 1 on mur(G U H) may 
fail, there is an upper bound for the minimum universal rank of the union of 
graphs using the minimum universal rank of one and the number of vertices of 
the other. 

Proposition 5.3. For an n x n symmetric matrix A, if e„ ^ co\{A), then 
e e col(A + 7J), for ah 7^0. 
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Proof. Since A is symmetric, col(A) = nul(A)-'-. So if e ^ coM, then there exists 
a vector x G nul(A) such that e'^x ^ 0. Thus, {A + 7 J)x = 7 Ja; = ^{e'^x)e, 
which impUes e G col(A + 7J). □ 



Theorem 5.4. For graphs G and H, 

mur(G U iJ) < mur(G) + \V{H)\ + 1. 

Proof. Assume that G and 7? have m and n vertices, respectively, and let 
mur(G) — rank([/ (1, /?, 7, 5)). Order the vertices oiGUH such that the vertices 
of G are the first m vertices. Then 



Uguh{1,13,1,S) = 



Ug 






Uh 



If 7 = 0, then clearly mur(G LI H) < mur(G) + \V{H)\. If 7 7^ 0, we consider 
two cases: 

If e G co1(J7g)i then by a similar method used in the proof of Lemma [5.11 
the matrix Uguh can be reduced into the following form 



" Ug 








Uh+pJ _ 



for some nonzero number p. Therefore, 

mur(GUi/) < rank(C/i) < mur(G) + \V{H)\ + 1. 

If e ^ co\{Ug), then using Proposition 15. 3[ e £ coI{Ug ~ 7 J). Let U' = 
Ug — iJ, and subtract the (n + l)-st column of Uguh{^, f!^,l,^) from each of 
the first n columns. The result is the following matrix 





'yJm.n 


R 


Uh 



Since e £ co\{U'), the matrix U2 can be reduced to 





" 


R 


s 



Using the fact that, rank(J7') < mur(G) + 1, we have 

mur(GUiJ) < rank(J73) < rank(C/') + \V{H)\ < mur(G) + \V{H)\ + 1. □ 

6. Minimum Universal Rank Spread 

The mur-spread of a graph G at vertex v, denoted by muri,(G), is defined to 
be mur(G) — mur(G \ {v}). The following theorem establishes upper and lower 
bounds for the mur-spread of a vertex. 
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B 


V 







Theorem 6.1. If a vertex u of G has degree d, then 

-d < mur„(G) <d + 2. 

Proof. Let Uq ~ Uc{^, f3,S^j) be a universal adjacency matrix associated with 
the graph G. Let B be the submatrix of Ug obtained by deleting the row and 
column oi Ug associated with the vertex v. Then Ug has the following block 
form: 

Ug{1,P,5,j) 
Evidently, 

rank(t/G) - 2 < rank(B) < rank(C/G)- (4) 

Let N{v) denote the set of neighbours of v and D' be a diagonal matrix of the 
same size as B whose diagonal entry D'^.^ is 1 if £ N{v) and otherwise. Thus 
there is a universal adjacency matrix for the graph obtained by removing v from 
G, namely Ug\{v}, such that B = Ug\{v} + SD'. 

Using the subadditivity property of rank of matrices, we have the following 
inequalities 

rank(B) - d< i-ank{UG\{v}) < rank(B) + d. (5) 
Using equations ^ and ([5]), we have 

rank([/G) - + 2) < rank([/G\{„}) < rank(C/G) + d. (6) 

Now in ([6]), if Ug be a universal adjacency matrix with rank(J7G) = mur(G), 
then 

mur(G \ {v}) < rank(C/G\{t)}) < mur(G) + d. 

which implies —d < mur„(G). If Ug\{v} be a universal adjacency matrix with 
rank(f7G\{u}) — niur(G \ {v}) in (|6]), then 

mur(G) - (d + 2) < rank([/G) - (d + 2) < rank(C/G\{«}) = mur(G \ {«}), 
which implies mur,j(G) < d + 2. □ 

Corollary 6.2. If a vertex u of G has degree d, then 

max{-d, -(n - d - 1)} < mur^(G) < min{d + 2, (n - - 1) + 2}. 
Proof. Since 



mur(G) — niur(G \ {f }) = mur(G) — niur(G \ {v}) — mur(G) — mur(G \ 
simply apply Theorem 16. II to G, noting that the degree of w in G is n — d — 1. □ 
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In particular, the following holds: 
Corollary 6.3. If w is a pendant vertex of the graph G, then 

-1 < niur„(G) < 3. □ 

Example 6.4. The following examples show that there is a graph with niur- 
spread k for — 1 < fc < 2. It is an open question to find a graph with mur-spread 
equal to 3 at a pendant vertex. 

1. If r = s > 2, then mmv{Kr U Kg) V {v} ~ —1, for every pendant vertex v 
(see Theorem 17.21 for a proof of this claim) . 

2. mur^,(ii'i „) = for any pendant vertex v (see Theorem 18. ip . 

3. For n > 2, murt,(P„) — 1, for the end-point vertices v. 

4. A generalized star is a tree with at most one vertex of degree greater than 
or equal to three. If G is a generalized star on five vertices with the degree 
sequence 1, 1, 1, 2, 3, by calculation it can be shown that mur(G) — 2. So 
if z; is a pendant vertex of G whose deletion leaves a star, using Theorem 
18. 1[ we have mmy{G) = 2. 

The first example in the list is perhaps the most interesting, since it is an 
example of a graph that has a vertex that when removed leaves a graph that 
has a strictly larger minimum universal rank. We will consider this example in 
more detail in the next section. 

7. Monotonicity 

A parameter for a graph G is called monotone on induced subgraphs if the 
value of the parameter for the graph is never smaller than the value on an 
induced subgraph. In this section, we show that the minimum universal rank 
is not in general monotone on induced subgraphs. To see why this might be 
true, consider a graph G with a universal adjacency matrix U. For any induced 
subgraph H of G, there is a submatrix of U formed by taking all the rows and 
columns corresponding to vertices in H. If this submatrix is a universal matrix 
for H, then the minimum universal rank of H will be no larger than mur(G), 
but this submatrix may not be a universal matrix for H. The problem is with 
the main diagonal entries, since these entries are based on the degree of the 
vertex, and a vertex may have different degrees in different subgraphs. To start, 
we will give an example of a graph that has an induced subgraph with a larger 
minimum universal rank. 

Theorem 7.1. For all nonnegative integers r and s, ifs — r + l^O, then 

muT{{Kr U K^) V {v}) < 2. 

Further, 
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(a) umT{{Kr U K^) V {v}) = if and only if (s = 0), or (s = 1 and r = 0); 

(b) mur((ii:r U K^) V {v}) = 1 if and only if s 7^ and 7— or 1. 

Proof. We first prove the statements (jlj) and (|b|. The graph {K^ U Ks)y {v} is 
isomorphic to a complete graph if and only if either s = or s = 1 and r — 0. 
Since these are the only two cases in which {Kr UKs)y {v} is a complete graph, 
by Theorem [13 (jaj) holds. 

If r = or r = 1, then the graph (Kr U Kg) V {v} is a star with r + s edges. 
Provided that s > 1, by Theorem 18.11 in the following section, the minimum 
universal rank of these graphs is one, thus (|b| holds. 

To show the general statement, assume that none of the above cases are 
satisfied. So either both of r and s are greater than or equal to 2 and s — r+1 ^ 
or s = 1 and r > 3. Consider the following universal adjacency matrix: 



U = A 



1 



1 



-J 



1 



we claim that the rank of this matrix is 2. 

Order the vertices of the graph so that the first r vertices are the vertices 
of Kr^ the next s vertices are the vertices of Kg and the final vertex is v. The 
first r diagonal entries are all , the next s diagonal entries are all equal to 

gL^^i and the final entry on the diagonal is 



r— 1 s — r + 1 (r — l)(,s — r+1) 

Adjacent vertices have the entry and nonadjacent vertices have the entry 

Thus, the matrix U can be written as 



s—r+1 ' 



U = 



2 7 



s—r+1 ' 



s-r+l r 



s—r+1 ' 



rJs, 



s-r+l s 



s—r+1 



s-r+l 
T — 



(r-l)(s-r+l) 



Since s — r + 1 ^ 0, the final row is a multiple of the rows in the middle block, 
which implies U has rank 2. □ 



Theorem 7.2. For integers r and s, if s > 3 and s ~ r + 1 — then 

nmrdKrliTTs) V {v}) = 3. 

Proof. As in the proof of Theorem 17.11 order the vertices so that the first r 
vertices are from Kr, the next s vertices are from Kg and v is the last vertex. 
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Then, any universal adjacency matrix U = aA + (31 + 'yJ+6D for this graph 

has the form 



{-f + l)Jr,r + {l3 + rd-l)Ir.r 


'^J r,s 


(7+l)er 


'yJs,r 


jJs^s + W + S)Is,s 


(7+l)e. 




(7+l)ef 


"f+P + (r + s)S _ 



which can be row reduced to the following matrix 



{P + rd-l)Ir,r 


(-l)Jr,. 


[l-(/3+(r+s)5)]e, ■ 


lJs,r 


-jJs.s + {P + 5)Is,s 


(7+l)es 


(7+l)e^ 


(7+l)eJ 


7+^+(r+s)5 



li P + rS — 1 7^ 0, then the rank of U is at least r which is greater than four. So 
we assume that /3 + r(5 — 1 = 0, and further reduce the matrix to 







[l-{0+{r+s)S)]er ' 




{13+S)ls,s 


(7+l)e. 


. (7+l)e^ 







Since s > 3, ii /3 + 6 then the rank is at least 3, so we also assume; that 
/3 + (5 = 0. With this assumption and the assumption that (3 + rS — 1 = we 
have S = and /3 = —6. The matrix then can be further reduced to 





i-l)Jr.s 


-e,. 








. (7+l)e?' 


Ol,s 


1 



We also used the facts that 1 — (/3 + (r + s)S) = —1, and ^^^^^ = 2. Since there 
does not exist a value of 7 such that — 1 this matrix has rank 3. □ 

This particular graph is of interest since it shows that the minimum universal 
rank of a graph is not monotone on induced subgraphs. For example, Gi = 
{K4 U K3) V {v} is an induced subgraph of G2 = {K4 U K4) V {v} but 3 = 
mur(Gi) > mur(G2) = 2. (This example also shows that contraction of an edge 
of a graph can increase the minimum universal rank of a graph.) However, the 
minimum universal rank of a graph is monotone under certain conditions. 

Theorem 7.3. If the minimum universal rank of a graph G is attained with a 
universal adjacency matrix of G with 6 = 0, then for any induced subgraph H 
of G 

m.m{H) < mur(G). 

Proof. Let U = A + pi + 7 J be a universal adjacency matrix for G that attains 
the minimum rank. Assume H is obtained from G by deleting the set of vertices 
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R = . . . , Ur}- Then the principal submatrix, say Uh, of Ug obtained by 
deleting the rows and columns corresponding to R, is a universal matrix for H. 
Since rank(t7/f) < rank(C/G), 

mur(_ff) < rank(C/H) < rank([/G) — mur(G'). □ 

By the discussion in the beginning of the Section |4l the universal adjacency 
matrix of a regular graph G can always be written in the form U = A + /3I + 7 J. 
Therefore, Theorem 17.31 implies the following. 

Corollary 7.4. If G is a regular graph and H is an induced subgraph of G, 
then 

mur(iJ) < mur(G'). □ 

This corollary can be used to compute minimum universal rank of some 
graphs, for example it can be used to determine the minimum universal rank 
of the union of complete graphs with arbitrary sizes. The complement of such 
a graph is a complete multipartite graph, so this will also give the minimum 
universal rank of these graphs as well. 

Theorem 7.5. For any integer k and integers ni, . . . ,nk > 1, 

mur = mur(if„^,...,„J = fc - 1. 

Proof. Let G = U*L]^i4r„. and n = max{ni, . . . ,nk}. Define G" = U^Lj^Xn, then 
G is an induced subgraph of G'. By Theorem 17.31 mur(G) < mur(G'). 

The eigenvalues of the adjacency matrix of G' are n — 1 with multiplicity k, 
and —1 with multiplicity k{n — 1). Therefore, using Theorem 14. 1[ we have 

mur(G') = \V{G')\ - (k(n - 1) + 1) = fcn - (fcn - A: + 1) = fc - 1. 



Thus 

mur(G) < fc - 1. (7) 



If we order the vertices of G so that the vertices in come before the 
vertices in K^^i , then any universal adjacency matrix for G has the form 





Vi 


'~i Jni ,712 






f/G(l,/3,7,'5) = 


'yJ n2 ,ni 


V2 






















Vk 



where for any z = 1, . . . , fc, the rii x Ui matrix Vi is as follows: 
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(3 + + {n, - \)5 7+1 

7+1 P + -i + [n, - 1)5 



7 + 1 
7 + 1 



7+1 7+1 ■■■ l3 + "f+{n,-l)5 
Since > 1, the k x k submatrix of Ug that corresponds to the rows 
{1, ni + 1, ni + n2 + 1, . . . , rii H h Uk-i + 1}, 

and columns 

{2, ni + 2, ni + 712 + 2, • ■ ■ , ni + • • • + nfe_i + 2} 



IS 



7 + 1 7 
7 7+1 



7 



7 



7 
7 

7+1 



subtracting the last column from the previous columns results in the following 
matrix 



1 
1 



7 
7 



••• 1 7 

-1 -1 ••■ -1 7+1 

whose rank is at least fc — 1. This means that mur(G) > A; — 1 and using ([7]) the 
result follows. □ 



Note that Theorem 17.51 is not true if we drop the condition iii > 1. For 
example, in the next section we show that mur(_R'„ U Ki U Ki) = 1. 



8. Graphs with Minimum Universal Rank Equal to One 

In this section we characterize all graphs G with mur(G) = 1. 

Theorem 8.1. Let G be a graph with n = \V{G)\ > 2, then mur(G) = 1 if and 
only if G or G is either Kr U Ks for positive r, s, with r + s > 2, or Kr U Kg for 
r, s with 1 < r < n. 

Proof. According to Theorem 17. 5[ if G or G is Kr U Kg for some r, s, with 
r + s > 2, then mur(G) = 1. Furthermore, if G = Kr U K^ for some r, s with 
1 < r < n, then the universal adjacency matrix of G with parameters a = 1, 
^ = 0, 7 = and S — is of the form 



" J 


" 
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whose rank is 1. Thus inur(G) < 1, using Theorem 12.21 imphes that mur(G) = 
niur(G) = 1. 

To prove the converse, without loss of generality, assume that G is connected 
and mur(G) = 1. So there are real numbers (3,^,6 such that the rank of [/ = 
A + pi + -fj + 6D is one. Let S be the largest independent set in G. Since G is 
not a complete graph s = \S\ > 2. Order the vertices of G so that a universal 
matrix U = A + (31 + 7 J + SD is of the following form, 



U 





>+7+M„, 


7 


7 


* * • • 


* 




7 /3H 


h7+(5d«2' • ■ 


7 


* * • • 






7 


7 


+ -/ + Sdy^ 


* * • • 


* 




* 




* 


/3+7 + W„,^i * 


* 




* 


* 


* 


* /3+7 + (5di,^^2- • 








* 


* 


* * • • 


•/3+7+(5d„„ 


We claim that all the vertices 


in S have the same set of neighbours. 


To show 



this, suppose that a vertex x e V{G) \S is adjacent to u G 5* but not to v G S. 
As the determinant of 

U[{u,v}, {v,x}] 

must be zero, we have 

/3(7+l)+7 + '5d.(7 + l) = 0. (8) 



7 7 + 1 

+ 7 + Sdy 7 



Since G is connected, there is a vertex y £ V{G) \ S adjacent to v. If y is 
adjacent to u, then we have the following submatrix in U: 



U[{u,v},{x,y}] = 



7+1 7+1 
7 7+1 



whose determinant being zero implies that 7 = — 1. Substituting this in ([8]) 
leads to a contradiction. Therefore, y cannot be adjacent to u. Thus the above 
submatrix of U is, as follows 



U[{u,v},{x,y}] 



7+1 7 
7 7+1 
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Since this matrix is singular we have 7 = 



-i. Then 



U[{u,v},{u,x}] 



/3 + 7 + 5d„ 
-1/2 



-1/2 
1/2 



Again using singularity we have /3 + 7 + Sdu = 1/2. Therefore, for any z ^ u, 



U[{u,z},{u,z}] 



±i p + j + Sd, 



whose singularity results in that fact that ^ + 7 + ddz = 5 . That is, all diagonal 
entries are equal to ^ . 

Assume that xi and X2 are adjacent vertices of G such that u is adjacent to 
Xi, but u is not adjacent to X2, then U has the following submatrix: 



U[{u,xi}, {XI,X2}] = 



1/2 -1/2 
1/2 1/2 



which is a contradiction with the rank of U being 1. Thus, if u is adjacent to 
a vertex xi , then it must be adjacent to all the neighbors of xi . But since G 
is connected, there is a path u, xi,X2, - ■ ■ , xt, v which implies that u is adjacent 
to V. This is a contradiction since u and v are both in the independent set S, 
and so all the vertices in S have the same set of neighbors. 

As a result, if a vertex z € V{G) \ S* is not adjacent to a vertex in S, then 
it is not adjacent to any of the vertices in S. So 5 U {z} is an independent 
set, which contradicts the maximality of S. Therefore, all the vertices in S are 
adjacent to all the vertices in V{G) \ S. This implies that U is of the following 
form: 





/3+7+(5d, 


7 


7 




7 + 1 


7 + 1 • 


• 7 + 1 




7 




7 




7+1 


7 + 1 • 


• 7 + 1 


u = 


7 


7 


■l3+-y+6du 




7+1 


7+1 ■ 


• 7+1 


7 + 1 


7 + 1 • 


■ 7+1 


/?- 


f7+'5* 


* 


* 




7 + 1 


7+1 • 


• 7+1 




* 


^+7+5d2- 


* 




7 + 1 


7+1 • 


• 7 + 1 




* 


* 


■/3+y+ddr_ 



Finally, suppose that there is a vertex xi E V{G) \ S that is adjacent to a vertex 
X2 S V{G) \ S but not adjacent to a vertex X3 G V{G) \ S. In this case, the 
singularity of 

■"7 + 1 7 + 1 



U[{u, Xi},{X2,X3}] 



7 + 1 



7 
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results in 7 = 



— 1. But then we have 



U[{u,xi}, {v,xi}] = 



-1 

l3-l + d,,. 



whose determinant being zero imphes that 

and so U includes the following submatrix 
U[{xi,X3}, {a;i,a;3}] = 



dxi = 0, 



-1 

-1 l3-l + dx 



which has rank two, a contradiction. Hence, the subgraph induced by V{G) \ S 
is either Kg or Kg . In the first case G ^ S V Kg (whose complement is Kr U Kg ) 
and in the second case G = Kr,s (whose complement is Kr U i^s)- □ 

Using Theorem 10 in [i'l, one can provide an alternative method to prove 
the "only if" part of Theoreni l8.ll Indeed, mur(G) = 1 implies that there exists 
a universal adjacency matrix for G which has exactly two distinct eigenvalues; 
namely and a simple eigenvalue A 7^ 0. 



9. Graphs with large minimum universal rank 

It is known that the only graphs, whose minimum rank is one less than 
the number of vertices of the graph are the paths (this is the maximum possible 
minimum rank) . For the case of minimum universal rank, the maximum possible 
value is two less than the number of vertices. It is an interesting question to 
ask which graphs on n vertices have the maximum minimum universal rank 
n — 21 We have seen that the paths and paths with an isolated vertex achieve 
the maximum minimum universal rank; see Example 13.51 Are there any other 
graphs that also have the maximum possible minimum universal rank? We 
consider the paths with an additional edge. Define to be the following 
graph: 

• Vn+l 



Vl 



V2 



V3 



Vn-2 Vn-l 



For n — A,b we know that mur(P,' ) = n — 1 which is the number of vertices 
of the graph minus two in each case. So, there are graphs other than paths, 
with the maximum possible minimum universal rank. But n = 4, 5 are the only 
cases known for this family of graphs. Indeed, for infinitely many values of n 
the minimum universal rank of P' is three less than the number of vertices. 
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Proposition 9.1. (a) For n > 3, if n = (mod 3), then mur(P^) = rt — 2. 
(b) For n > 6, if n + 1 = 4/c, then mur(P,' ) — n — 2. 

Proof. Since P/j has an induced path on n vertices, using Lemma |3.1[ we have 
mur(P/J > 71 — 2. Under the assumption of part (a), the universal matrix 
U(l, 1, — —1) has rank n — 2, and under the assumption of part (b), the 
universal matrix U{1, 0, 0, —jj:) has rank n — 2. □ 

Moreover, for rt = 8, the 9x9 universal matrix with parameters a = 1, — /3 = 
S — and 7 = has rank 6. And, for n = 10, any set of the parameters 

a = 1,-/3 = (5 = -2 cos ^,7 = giS^^+e or a = 1, -/3 = (5 -2 cos ^,7 = 
s'i-ss+G Si^^s minimum universal rank equal to 8. This leads us to speculate 
that mur(P^) = n — 2, for n > 6. 
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